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Abstract
The one-dimensional parabolic potential barrier dealt with in an earlier paper is
re-examined from the point of view of operator methods, for the purpose of getting
generalized Fock spaces.
It is well known that the harmonic oscillator can be studied by a operator method [1,
2]. In this paper we shall show that the eigenvalue problem of the parabolic potential
barrier [3] can be solved by a similar method. The generalized eigenstates of this unstable
system will form generalized Fock spaces.
The Hamiltonian of the one-dimensional parabolic potential barrier is
Hˆ =
1
2m
pˆ2 − 1
2
mγ2xˆ2, (1)
where m > 0 is the mass and γ > 0 is proportional to the square root of the curva-
ture at the origin x = 0. The canonical coordinate and momentum xˆ and pˆ satisfy the
commutation relations [
xˆ, pˆ
] ≡ xˆpˆ− pˆxˆ = iℏ,[
xˆ, xˆ
]
= 0,
[
pˆ, pˆ
]
= 0.
}
(2)
Written in terms of the Schro¨dinger or the coordinate representatives, the canonical co-
ordinate and momentum give
xˆ = x,
pˆ = −iℏ d/dx,
}
(3)
and the Hamiltonian (1) becomes
Hˆ = − ℏ
2
2m
d2
dx2
− 1
2
mγ2x2. (4)
We now introduce the normal coordinates
bˆ± ≡
√
mγ
2ℏ
(
xˆ± 1
mγ
pˆ
)
=
√
mγ
2ℏ
(
x∓ iℏ
mγ
d
dx
)
=
1√
2
(
ξ ∓ i d
dξ
)
, (5)
where
ξ ≡ βx, β ≡
√
mγ
ℏ
. (6)
Note that (5) are defined except for an arbitrary phase factor. These operators bˆ± are
essentially self-adjoint on a Schwartz space S(R). (Cf. the normal coordinates aˆ and aˆ†,
being adjoint operators, for the harmonic oscillator.) Further, two conditions are satisfied.
(i) S(R) is an invariant subspace of bˆ±.
(ii) bˆ± is continuous on S(R).
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From the commutation relations (2) we obtain[
bˆ+, bˆ−
]
= −i,[
bˆ+, bˆ+
]
= 0,
[
bˆ−, bˆ−
]
= 0.
}
(7)
The first of equations (7) gives the commutation relation connecting bˆ+ and bˆ−. (Cf. the
commutation relation
[
aˆ, aˆ†
]
= 1 for the harmonic oscillator.) One can express Hˆ in
terms of bˆ+ and bˆ− and one finds
Hˆ = −ℏγNˆ , (8)
where
Nˆ ≡ 1
2
{
bˆ+, bˆ−
} ≡ 1
2
(
bˆ+bˆ− + bˆ−bˆ+
)
. (9)
From (7) [
Nˆ , bˆ±
]
= ±ibˆ± (10)
or [
Hˆ, bˆ±
]
= ∓iℏγbˆ±. (11)
Also, (7) lead to [
bˆ∓,
(
bˆ±
)n]
= ±in(bˆ±)n−1 (12)
for any positive integer n.
We shall now work out the eigenvalue problem of Hˆ. Let us assume that there are
standard states u±0 satisfying
bˆ∓u±0 = 0. (13)
If these equations are expressed in terms of representatives, they give us(
d
dx
∓ imγ
ℏ
x
)
u±0 (x) = 0 (14)
with the help of (5). The solutions of these differential equations are
u±0 (x) = B
±
0 e
±imγx2/2ℏ, (15)
where B±0 ∈ C are the numerical coefficients. These solutions u±0 do not belong to a
Lebesgue space L2(R). But they are generalized functions in the conjugate space S(R)×
of the following Gel’fand triplet [3, 4, 5],
S(R) ⊂ L2(R) ⊂ S(R)×. (16)
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Let us treat the extensions
(
bˆ±
)×
of the normal coordinates to the conjugate space
S(R)×. We should be able to apply them to a generalized function u ∈ S(R)×, the
products
(
bˆ±
)×
u being defined by [4, 5]
〈
v
∣∣(bˆ±)×u〉 = 〈bˆ±v ∣∣u〉
for all functions v ∈ S(R). Taking the representatives, we get∫ ∞
−∞
v(x)∗
[(
bˆ±
)×
u
]
(x)dx =
∫ ∞
−∞
[
bˆ±v
]
(x)∗u(x)dx.
We can transform the right-hand sides by partial integration and get∫ ∞
−∞
v(x)∗
[(
bˆ±
)×
u
]
(x)dx =
∫ ∞
−∞
v(x)∗
[
bˆ±u
]
(x)dx,
since v is a rapidly decreasing function and then the contributions from the limits of
integration vanish. These give 〈
v
∣∣(bˆ±)×u〉 = 〈v ∣∣ bˆ±u〉,
showing that (
bˆ±
)×
u = bˆ±u.
Thus
(
bˆ±
)×
operating to a generalized function have the meaning of bˆ± operating. Simi-
larly [3],
Nˆ×u = Nˆu
or
Hˆ×u = Hˆu.
Let us examine physical properties of the standard states. The result of the operator
Nˆ applied to standard states u±0 is
Nˆu±0 =
1
2
bˆ∓bˆ±u±0 = ±
i
2
u±0 , (17)
with the help of (13) and (7). From (8)
Hˆu±0 = ∓
i
2
ℏγu±0 . (18)
Thus u±0 are generalized eigenstates of Hˆ belonging to the complex energy eigenvalues
∓iℏγ/2.
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We can form the generalized Fock spaces of the parabolic potential barrier on the same
lines as the harmonic oscillator [1, 2]. We now consider the following states:(
bˆ±
)n
u±0 . (19)
The result of the operator Nˆ applied to these states is
Nˆ
(
bˆ±
)n
u±0 = ±i
(
n+
1
2
)(
bˆ±
)n
u±0 , (20)
with the help of (12) and (13). Here we introduce the nth quantum states u±n , being a
numerical multiple of (19), which are satisfied by
Hˆu±n = E
±
n u
±
n , (21)
where
E±n ≡ ∓i
(
n+
1
2
)
ℏγ (n = 0, 1, 2, · · · ) . (22)
Thus the states (19) are generalized eigenstates of Hˆ belonging to the complex energy
eigenvalues E±n . The representatives of the nth quantum states can be obtained from
(15). For any f ∈ S(R)× we find(
∓i d
dξ
+ ξ
)
f(ξ) = e∓iξ
2/2
(
∓i d
dξ
)
e±iξ
2/2f(ξ).
Thus (19) give[
1√
2
(
∓i d
dξ
+ ξ
)]n
u±0 (ξ) =
(
1√
2
)n
e∓iξ
2/2
(
∓i d
dξ
)n
e±iξ
2/2u±0 (ξ)
= B±0
(∓i√
2
)n
e±iξ
2/2e∓iξ
2 dn
dξn
e±iξ
2
. (23)
Now define the polynomials H±n (ξ) by [3]
H±n (ξ) = (∓i)n e∓iξ
2 dn
dξn
e±iξ
2
. (24)
Inserting these expressions in (23), we get the representatives of the nth quantum states
u±n (x) = B
±
n e
±iβ2x2/2H±n (βx), (25)
where B±n ∈ C are the numerical coefficients. These numerical coefficients cannot be
determined by the normalizing condition [3].
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Let us now see the properties of nth quantum states under a parity or a space inversion.
The parity operator Πˆ is a unitary operator on S(R) and satisfies [2]
ΠˆxˆΠˆ−1 = −xˆ,
ΠˆpˆΠˆ−1 = −pˆ.
The parity operator applied to the normal coordinates bˆ± is then
Πˆbˆ±Πˆ−1 = −bˆ±
from (5). The result of the parity operator applied to the conditions (13) is
Πˆbˆ∓u±0 = Πˆbˆ
∓Πˆ−1Πˆu±0 = −bˆ∓Πˆu±0 = 0,
showing that Πˆu±0 are also standard states, i.e.
Πˆu±0 = u
±
0 .
The phase factors are chosen unity, because the representatives (15) are symmetrical of
x. We have further
Πˆ
(
bˆ±
)n
u±0 = Πˆbˆ
±Πˆ−1 · · · Πˆbˆ±Πˆ−1Πˆu±0 = (−)n
(
bˆ±
)n
u±0 ,
showing that
Πˆu±n = (−)nu±n .
These equations assert that the nth quantum states are eigenstates of the parity.
We shall now verify a time reversal. The time-reversal operator Θˆ is an antiunitary
operator on S(R) and satisfies [2]
ΘˆxˆΘˆ−1 = xˆ,
ΘˆpˆΘˆ−1 = −pˆ.
The time-reversal operator applied to the normal coordinates bˆ± is then
Θˆbˆ±Θˆ−1 = bˆ∓
from (5). The result of the time-reversal operator applied to the conditions (13) is
Θˆbˆ∓u±0 = Θˆbˆ
∓Θˆ−1Θˆu±0 = bˆ
±Θˆu±0 = 0,
showing that Θˆu±0 are also standard states, i.e.
Θˆu±0 = u
∓
0 .
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These time-reversed states contain arbitrary phase factors. Proceeding as before, we have
Θˆ
(
bˆ±
)n
u±0 = Θˆbˆ
±Θˆ−1 · · · Θˆbˆ±Θˆ−1Θˆu±0 =
(
bˆ∓
)n
u∓0 ,
showing that
Θˆu±n = u
∓
n .
We see in this way that a time reversal occurs resulting in the interchange of the nth
quantum states u+n and u
−
n .
Our work so far has been concerned with one instant of time. We shall study finally
the time evolution of the parabolic potential barrier in the Heisenberg picture. The
Heisenberg equations of motion are
d
dt
bˆ±(t) =
1
iℏ
[
bˆ±(t), Hˆ
]
. (26)
With the help of (11), these give
d
dt
bˆ±(t) = ±γbˆ±(t). (27)
These equations can be integrated to give
bˆ±(t) = bˆ±e±γt, (28)
where bˆ± are normal coordinates (5), and are equal to the values of bˆ±(t) at time t = 0.
The above solutions show that Nˆ or Hˆ is also constant in the Heisenberg picture. The
canonical coordinate and momentum in the Heisenberg picture are, from (5) and (28),
xˆ(t) = xˆ cosh γt+ pˆ sinh γt/mγ,
pˆ(t) = xˆmγ sinh γt+ pˆ cosh γt = m ˙ˆx(t).
}
(29)
Equations (29) correspond to the hyperbolic orbits in the classical theory.
The foregoing work provides two generalized Fock spaces which are spanned by the
tensor products of {u+n }∞n=0 and {u−n }∞n=0, respectively. The normal coordinates bˆ± are
operators of creation or annihilation of a quantum of width ℏγ. This interpretation has
been given by Takahashi in his book [6]. For {u±n }∞n=0, the creation operators are bˆ± and the
annihilation operators are bˆ∓, i.e. the creation operator for {u+n }∞n=0 are the annihilation
operator for {u−n }∞n=0, and vice versa. These operators vary with time according to the
e±γt law in the Heisenberg picture. Thus the parabolic potential barrier as a model of an
unstable system will form a corner-stone in the quantum theory of decay.
We may introduce the essentially self-adjoint operators dˆ+, dˆ− satisfying the anticom-
mutation relations {
dˆ+, dˆ−
}
= 1,{
dˆ+, dˆ+
}
= 0,
{
dˆ−, dˆ−
}
= 0.
}
(7′)
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These relations are like (7) with an anticommutator instead of a commutator. Put
Nˆ ≡ i
2
[
dˆ+, dˆ−
]
, (9′)
the same as (9). We can find, by the above-mentioned method, that the generalized
eigenstates of Nˆ are only the two alternatives of a twofold degenerate state belonging to
the complex eigenvalue i/2 or −i/2.
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